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A METHOD OF REPRESENTING TWO-DIMENSIONAL DISTRIBUTIONS

FOR USE IN MONTE CARLO CAT.CULATIONS

M. Leimdorfer and J. Barish?®

ABSTRACT

In an attempt to increase the efficiency of an existing
Monte Carlo program, the Nucleon Transport Code (NTC), for
treating the transport of high-energy nucleons in matter, a
method has been developed which is intended to improve the
procedure for selecting combinations of the energy and angle
of particles released in nuclear interactions. In the present
form of NIC, the process of particle emission from nucleon-
nucleus collisions is simulated by a Monte Carlo treatment of
the intranuclear cascade. In the proposed method, the parti-
cle emission data obtained from the intranuclear cascade
calculations are represented in the form of tables which are
suitable for sampling purposes. The power of the method lies
in the fact that the tables are constructed directly from the
intranuclear cascade (Monte Carlo) histories.

In an attempt to increase the efficiency of the Nucleon Transport
Code (NTCg), a Monte Carlo program for dealing with the migration of high-
energy nucleons in matter, a method has been developed which is intended to
or selecling combinations ot the energy and angle of
particles released in nuclear interactions. The physical process involved
in such interactions is as follows: After a particle hits a nucleus, it
is transported inside the nucleus and gives rise to a cascade of binary
nucleon-nucleon, collisions whereby some nucleons are thrown out of the
nucleus (that is, an intranuclear cascade® is initiated). When the last
cascade particle has been emitted, the excited nucleus evaporates a number

of different evaporation particles which are added to the cascade particles.

1. Oak Ridge Computer Scilences Center, Oak Ridge Gasecus Diffusion Plant.
2. W. E. Kinney, The Nucleon Transport Code, NTC, ORNL-3610 (August 1960).
3. H. W. Bertini, Phys. Rev. 131, 1801 (196%) and 138, AB2 (1965).
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This process has been simulated in NTC at each collision. The representa-
tion df‘the physical process given below accelerates the simulation of the
nuclear interaction and also permits the application of efficient methods

for variance reduction in the Monte Carlo transport analogy.

The material that was used to construct our representation of the
two-dimensional probability distribution of each type of outgoing nucleon
(neutron or proton) consists of a fairly large record of energies and
angles of outgoing particles obtained in previous Monte Carlo studles of
high-energy nuclear reactions with monoenergetic nucleon projectiles.®
Our aim is to represent these distributions, for each type of in- and
out-going particle, projectile energy, and target hucleus, in a way which
prermits interpolation to other projectile energies and target nuclei. In
this paper we shall first deal with the distributions of cascade particles

and then with the distribution of evaporation particles.

The basic procedure for sampling from a two-dimensional distribution
that underlies our reasoning is the following: Assume that the distribu-

tion of the stochastic variables X and y can be written as f(x,y). Then

o0
x may be chosen from the marginal distribution L/ﬁf‘(x,y) dy by the

=00

straightforward method of solving the equation

X [o']
Ry (0,1) = fdx ff<x',y> &y (1)

-00
for x with a given value of the random number Rl(O,l) equidistributed on

the unit interval. A value of y is then selected by solving the equation
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for y with the sampled value of x inserted. As can be seen, a given com-
bination of two random numbers R;(0,1) and Rs(0,1) implies one combination
of values of the variables x,y. Let us assume that x represents the
particle angle and y the particle energy. Equation (1) can be solved
for a set of values of Rl(O,l) to give a table of corresponding values of
the angle x. The sampling procedure then consists of an interpolation
in that table to select the value of x corresponding to a given value of

R1(0,1).

If the argument values of Ri(0,1) are equidistributed, this selec-
tion 1s simplified and the necessary computer storage is reduced by a
factor of 2. Our first step will be to obtain such a list of angles from
our record of energy-angle combinations of cascade particles. Assume that
we have access to these data for N outgoing particles of a certain type
(either neutron or proton). Assume further that the number of entries in

our table of angles is L + 1. We chose to work with cosines and to denote

il Vo

the 1list of cosine values that will correspond to Ri1(0,1) equal to O,

2 cee z ves L by wo, W1, Wo, ses, W eee W . TIf w, is an increas-
7’ T >, Q» b/ b/ 7 o 1 2

ing sequence wg = -1 and wL 1. Let us now arrange our complete list of

N particle angles (cosines) in increasing order so that wé is the cosine

corresponding to the L%%] :th particle in that list. Similarly, we set
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wE and wz' to be cosines of the {:{%%} + 1 }':th and-{ [%%} + 2 }-:th

particles, respectively. The situation 1s demonstrated in Fig. 1. We

now face the problem of determining a value wz for which there are %%

particles, with w <w ne

T not being, in general, an integral number.

This is the same thing as solving the equation
w EO
£
R1(0,1) = I= fdw' f f(w,E) dE (3)
-1 0

for a value of w. Equation (3) is an adaptation of Eq. (1) to the present
application. We assume, for the time being, that the energy variable E

may have values on the interval (O,Eo).

Qur particle records do not provide us with a smooth representation
of the integral in Eq. (3) but we may easily obtain one by adopting an

interpolation convention in the step-curve of Fig. 1 (which constitutes

the "empirical" counterpart to N times the said integral). We decide to
let the smoothed curve pass through w = -1 and w = 1 at both ends and to
draw it through the middle of each vertical step. With these definitions

w = wé corresponds to the value %-{ [%%] - % } of the integral in Eq.

(3). Similarly, w = wz corresponds to %‘{ [%%} + %-}’, and wE' cor-

1

responds to ﬁ'{ [%%} + %-}-. It is clear that wz, which corresponds to

to % , will lie somewhere in the range covered by the above-mentioned

1

three values of w(wé, wy, wz'). We perform a three-point (parabolic)

interpolation to solve for a value of wﬂ:
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Fig. 1. Representation of the Cumulative Angular
Distribution Integrated Over Energy

X =——=+uw for 4 =1, 2, ..., L -1 . (k)

By definition, we set wg = -1 and WL = 1. The vector {éﬁ}- now represents

ol o

our table of cosines corresponding to values of R;(0,1) equal to O,

% s eeey % 5 sesy Lo This method of interpolation has the well-known

difficulty of being able to produce an interpolated value which is edither
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larger or smaller than any of the three input values. This is the penalty
one pays for the increased precision in higher-order interpolation. We
may easlily avoid any pathological consequences of this effect by setting
the constraint that all values of w that fall outside the interval (-1,1)

be changed to the interval limits and by rearranging the elements of the
vector {él}- so that they lie in increasing order.

We now use our 'empirical' material to obtain a value of the parti-
cle energy. This corresponds to solving an equation of type (2) with the
value of x set equal to the value w just selected. If we follow our
previous procedure for selecting a value of w, we now need a vector of

energies Em(w) which satisfy the probability equation
m
P[EgEm(m)]=B—/I, m= 0,1, ..., M , (5)

where m and M correspond to £ and L, respectively, in the previous deriva-
tion for wz. It is clear that we again have to adopt some convention for
interpolating in the given data to obtain values of the cumulative energy
distribution at a given angle, as represented by Eq. (5). After applying
the same method as before to cobtain a set of (Em)z valid for the intervals
(mz_l,wz), £ =12, ..., L, we could again interpolate in the step-curve

of (Em)ﬂ for a given value of m to produce the vector of energies cor-

responding to a discrete value of w. We shall proceed in this direction
and choose to let the set of discrete angles be the vector {?ﬂ}' already
established. This greatly simplifies the use of the representation. We

use the variable e = %— to define particle energy and let the vector {?2m.}
o)
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be the values of normalized energy corresponding to the equation

m

Ple S eppleyppu)l =5 (6)

where each value of Ekm is an average over the cosine interval (wz 1%,

We now devise a scheme for calculating values of ka. Let nz be the

).

(actual) nunber of particles with w = W= Ww,;

. . N
-1 n, will be either [ ]

J A | L
of [%] + 1. Arrange the n, values of normalized energy, €, in increasing
Tnom

order. Let eém be the energy of the L—%r} :th of these particles. Cor-

S rn,m
respondingly, e;m and egh are values of € of the {.[—ér} + 1 }-:th and

n,m
{i[—ﬁfl + 2 }-:th particles, respectively. In the same way as before,

we interpolate to solve for ezm:

2 ) 1 i
_— n,m i n,m 1 €om " 2€zm t m
Sm T M M 2 2
it

_
. {n[/m i l'nzm—’ ) _]; } €£m €zm . _e_" (7)
. M L M 2 J 2 fm

The result is illustrated in Fig. 2.

We first need to adopt an interpolation convention for solving
values of e (w) at w = Wyy £ =1, 2, «u., L = 1 (the end points 4 = O
and £ = L will be treated separately). One possible method might be
1 -_—

(

to set emsz) =5 (e, + €z+l,m)'

5 This would, however, have a strong

tendency to smooth out the sometimes very large variations in energy
distributions for small changes of observation angle. A better pro-

cedure is the following: Double the number of angular intervals to

produce twice as many values of Ekm' Call the new set of cosines wk
(k = 2 corresponds to £ = 1 and so on). The cosine w will now be

k=22
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_gﬂﬂ,m ~
Eﬂm
gﬂ-‘l, m/

£ (@)

equal to the previously calculated cosine “g' In the new representation

we have 2L values of Ekm’ each one defined on the interval W _q <w< w -

Let wus assume that, in this finer mesh, Ekm can be taken as being the

value at the discrete angle (wk-l + wk)/2. We may then apply linear

. . . . . _ . .
interpolation to obtain ezm at the cosine wkzgz = wz from the neighboring
values of ¢ = €% m at w = (wk-l + wk)/B and € = €iel,m at w = (wk + wk+l)/2J
giving
o W g oW
— k — —
€ = € + (E - ) 5] (8)
£m ko owy bW g @ W k+1,m k,m

which can be simplified to
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S’ Pl T ¥ T Cxe (% T W)
ezm= o — ’EZl}e,nao’L-l E]
k+1 k-1
k= 2,4,...,2L-2 . (9)
In the limiting cases w = wp = =1 and w = wL = 1, we have to extrapolate
instead of interpolating. We obtain
el)m(2 + oW, o+ wg) - €2,m(l + wl)
€ = s (lO)
O,m
w2 + 1

where the indices in the right-hand term concern k, as before. Correspond-

ingly,

+ - 1)

Cor,m? ~ Yor-1 ~ Yopp) *oeop g (Y g

1

L,m W
2L-2

As indicated once before, we want to make sure that the egm‘s are in in-

creasing order; if they are not, the positions of the elements are rear-
ranged. The limit values eo o and GL o also have to fulfill the constraints
J J

€o.m > €. (where €, is zero or some cutoff value with physical signifi-
2

cance) and €, S 1. Any "overshoots" or "undershoots'" which might have
2
been caused by the method of interpolation are brought to the limit values

€. and 1, respectively.

Tables 1, 2, and 3% show the results obtained by the computer program
in which the above ideas have been implemented. The tables represent the
emergent proton distributions when aluminum nuclei are bombarded by 400-,
%50-, and %00-MeV protons, respectively. Table 4 shows a linear inter-

polation (arithmetical averaging) of each element in Tables 1 and 3 to

*A1l tables are given at the end of the report.
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give an interpolated table for 350-MeV projectiles. As can be seen, the

agreement between Tables 4 and 2 is good.

We have also made a double interpolation to obtain the 350-MeV
aluminum data from 300- and LOO-MeV oxygen and chromium data. The results
are shown in Table 5 and they compare favorably with those of Table 2.
Figures 3 and L4 illustrate the agreement between the two interpolations

and the original data.

We have treated the evaporation particles separately, as they have
an isotropic angular distribution and much lower energies than most of
the cascade particles. Each secondary particle distribution can therefore
be represented by a vector of energles of each particle type. Tables 6-8
show the evaporation neutron distributions from 400-, 350-, and 300-MeV
protons on aluminum. Table 9 shows the results of a linear interpolation
between the elements in Tables 6 and 8 to give an interpolated distribu-
tion for evaporation neutrons from 350-MeV protons on aluminum. Table 10
shows the results of double linear interpolation using 3%00- and 400-MeV
data from oxygen and chromiun to obtain an approximate evaporation neutron
distribution from 350-MeV protons on aluminum. By comparing Tables 9 and
10 with Table 7, it is again seen that the interpolation possibilities

appear to be quite favorable.

In the above we have taclitly neglected the fact that multiplicities
of outgoing neutrons and protons are different from unity. Our represen-
tations of the data concern the distribution functions f(w,E) of all
outgoing particles of one type. We may write the average number of out-

going protons and neutrons per unit cosine and energy as ;§ fp(wp,Ep)
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Fig. 3. Cumulative Energy Distribution of Protons
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and v fn(wn,En), respectively, with Yo and v, denoting the average

multiplicities. If we sample on the average ;ﬁ protons from fp(wp,Ep)
and ;g neutrons from fn(wn,En) at each collision, we will not conserve
energy in one collision but will, on the average, in many collisions. It
may often be useful to carry the multiplicities as statistical weight
factors and just sample once from each distribution. The fact that the
functions fp and fn are available in a convenient representation opens

many possibilities for improving the statistical efficiency of the trans-

port analogue. It may be remarked that one might set

e (y Epn By w1 (W41 * 95 1) (B -® y oL (1
2’ 2 2 tm T Cp,mel’ T OMD

to solve for the distribution function explicitly at the point

Epm By mea - -
<§z; 5 > . The terms vy and v can be tabulated as func-

tions of projectile energy and type and used for interpolation.

In the examples shown in Tables 1-4 we used L = 10 and M = 40. It
may be possible to reduce these values considerably, but this is subject

to numerical experimentation.
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Table 6. Evaporation Neutron Distributions for 400-MeV Protons on Aluminum.
px E*

0. 0.

0.050000 ND.242971
0.100000 0.528617
0.150000 0.805674
0.200000 1.102738
0.250000 1.394248
0,300000 1.702047
0.350000 2.109275
0.400000 2.460849
0.450000 2.756023
N.500000 3.174702
0.550000 3.672033
0./00000 4,2°97472
N.650000 5.035330
0.700000 5.851216
0.750000 6.653659
0.800000 T7.709945
0.850000 9.093304
0.900000 11.086615
0.950000 14.959952
1.000000 24.,999982

¥P is equal to the probability that
the emitted evaporation neutron has
an energy smaller than E.




Table 7. Evaporation Neutron Distributions for 350-MeV Protons on Aluminum.
p ¥ £*

0. 0.

0.050000 0.293087
0.100000 0.562567
0.150000 0.80733¢6
0.200000 1.102254
0.250000 1.419897
0.300000 1,793837
0.350000 2.099699
0.400000 2.426741
0.450000 2.821841
0.500000 3.184797
0.550000 3.629092
0.600000 4.,237905
0.650000 4,910406
0.700000 5.5111¢61
0.750000 6.339100
0.800000 71.168942
0.850000 B.422408
0.900000 10.6099¢5
0.950000 13.082948
1.000000 24.999982
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¥P is equal to the probability that the
emitted evaporation neutron has an
energy smaller than E.




Table 8. Evaporation Neutron Distributions for 300-MeV Protons on Aluminum.
px Ex

0. 0.

0.050000 0.234350
0.100000 N.46362°2
2.150000 0.645041
0.2C0000 0.959650
£.250000 1.237941
0.300000 1.553484
0.350000 1.847746
0.40C000 2.1774G3
0.450000 2.497552
0.500C00 2.980991
0.550000 3.436995
0.600000 3.901162
C.650C00 4.382915
0.700000 4,913221
0.75C000 5.700002
0.800000 6.691948
0.850000 7T.806635
0.900000 9.989971
0.950C00 12.619955
1.000000 24.999982
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¥P is equal to the probability that the
emitted evaporation neutron has an
energy smaller than E.
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Table 9. Evaporation Neutron Distributions for 350-MeV Protons on Aluminum
(Obtained by Interpolation of Each Vector Element in Tables 6 and 8)

p % F %
0. 0.
0.050000 0.238661
ND.100000 NDe4C6123
0.15CN0N0 N.725357
0.2C0000 1.021194
0.250000 1.316094
0.300000 1.6277¢6
0.350000 1.978511
0.400000 2.319171
0.450000 2.626788
0.500000 3.077847
0.550000 3.554514
0.600000 4,069317
C.650000 4,7N9123
0.700000 5.382218
0.,750009 6.176821
N0.800000 7.200947
0.850000 8.449970
0.900000C 10.538253
0.950000 13.789953
1.000000 24.549982

¥P is equal to the proability that the
emitted evaporation neutron has an
energy smaller than E.



Table 10.
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Evaporation Neutron Distributions for 350-MeV Protons on Aluminum
(Obtained by Double Interpolation of 3%00- and LOO-MeV Oxygen and Chromium

Data)

P¥* ¥
0.3533209 J.283896
0.103033 J.584112
0.1530U32 J.856610
0.203033 1 1843275
0.253000 l.42u4283
J.303023 1712656
0.353333 2.196413
0.4+03330 2.5419u0
0.453000 2.974754
0.5033933 3.413723
0.553333 3.836132
0.533333 4.540359
0.553003 5344357
0.703323 6.323833
0.753302 6.966859
0.503303 BelT792u4L
0.353000 .6167T1Y
0.933223 11.659332
0.953033 14.66919U4
1.033493 24.7152670

¥P is equal to the probability that the
emitted evaporation neutron has an
energy smaller than E.




